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Abstract
We present solutions describing supersymmetric configurations of 2 or 3 orthogonally inter-
secting 2-branes and 5-branes of D = 11 supergravity. The configurations which preserve
1/4 or 1/8 of maximal supersymmetry are 2⊥2, 5⊥5, 2⊥5, 2⊥2⊥2, 5⊥5⊥5, 2⊥2⊥5 and
2⊥5⊥5 (2⊥2 stands for orthogonal intersection of two 2-branes over a point, etc.; p-branes
of the same type intersect over (p-2)-branes). There exists a simple rule which governs
the construction of composite supersymmetric p-brane solutions in D = 10 and 11 with a
separate harmonic function assigned to each constituent 1/2-supersymmetric p-brane. The
resulting picture of intersecting p-brane solutions complements their D-brane interpreta-
tion in D = 10 and seems to support possible existence of a D = 11 analogue of D-brane
description. The D = 11 solution describing intersecting 2-brane and 5-brane reduces in
D = 10 to a type II string solution corresponding to a fundamental string lying within a
solitonic 5-brane (which further reduces to an extremal D = 5 black hole). We also discuss
a particular D = 11 embedding of the extremal D = 4 dyonic black hole solution with
finite area of horizon.
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1. Introduction
In view of recent suggestions that D = 11 supergravity may be a low-energy effective
field theory of a fundamental ‘M-theory’ which generalises known string theories (see, e.g.,
[1]) it is important to gain better understanding of its classical p-brane solutions. It seems
likely that supersymmetric BPS saturated p-brane solutions of low-dimensional theories
can be understood as ‘reductions’ of basic D = 11 ‘M-branes’ – 2-brane [2] and 5-brane [3]
and their combinations [4]. The important questions are which combinations of M-branes
do actually appear as stable supersymmetric solutions, how to construct them and how
they are related to similar D = 10 p-brane configurations.
Here we shall follow and extend further the suggestion [4] that stable supersymmet-
ric D = 11 p-brane configurations should have an interpretation in terms of orthogonal
intersections of certain numbers of 2-branes and/or 5-branes. A possibility of existence
of similar supersymmetric configurations was pointed out earlier (on the basis of charge
conservation and supersymmetry considerations) in [5,6]. Discussions of related systems
of D-branes in D = 10 string theories appeared in [7,8,9].
It should be noted that ‘intersecting p-brane’ solutions in [4] and below are isometric
in all directions internal to all constituent p-branes (the background fields depend only
on the remaining common transverse directions). They are different from possible virtual
configurations where, e.g., a (p-2)-brane ends (in transverse space radial direction) on a
p-brane [5] (such configurations may contribute to path integral but may not correspond
to stable classical solutions). A configuration of, e.g., a p-brane and a p′-brane intersect-
ing in p+p′-space may be also considered as a special anisotropic (cf.[10]) p+p′-brane.
We expect (see also [4]) that there should exist more general solutions (with constituent
p-branes effectively having different transverse spaces) which represent more complicated
‘BPS bound states’ of constituent p-branes and interpolate between such intersecting so-
lutions and solutions with higher rotational symmetry for each p-brane.
The basic property of supersymmetric p-brane solutions of supergravity theories is
that they are expressed in terms of harmonic functions of transverse spatial coordinates.
This reflects the BPS saturated nature of these solutions and implies that there exist stable
‘multicenter’ configurations of multiple parallel p-branes of the same type. There may also
exist stable supersymmetric solutions corresponding to combinations (intersections and
bound states) of p-branes of the same or different types. While the rules of combining
p-branes (in a way preserving supersymmetry and charge conservation) in D = 10 depend
on a type (NS-NS or R-R) of the constituents [5], the following rules seem to be universal
in D = 11 (these rules are consistent with D = 10 rules upon dimensional reduction):1
1 Related conditions for supersymmetric combinations of D-branes in D = 10 are that the
number of mixed Dirichlet-Neumann directions should be a multiple of 4 and that a (p-2)-brane
can lie within a p-brane [8].
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(i) p-branes of the same type can intersect only over a (p-2)-brane [4] (i.e. 2-branes can
intersect over a 0-brane, 5-branes can intersect over a 3-brane, 3-branes can intersect over
a string);
(ii) 2-brane can orthogonally intersect 5-brane over a string [5,6];
(iii) a configuration of n orthogonally intersecting M-branes preserves at least 1/2n of
maximal supersymmetry.2
Thus in addition to the basic (2- and 5-) M-branes preserving 1/2 of supersymmetry
one should expect to find also the following composite configurations:
(i) 2⊥2, 5⊥5, 5⊥2 preserving 1/4 of supersymmetry, and
(ii) 2⊥2⊥2, 5⊥2⊥2, 5⊥5⊥2, 5⊥5⊥5 preserving 1/8 of supersymmetry.
The allowed 1/16 supersymmetric configurations with four intersecting M-branes (i.e.
2⊥2⊥2⊥2, 2⊥2⊥2⊥5, 5⊥5⊥5⊥2) have transverse space dimension d < 3 and thus (being
described in terms of harmonic functions of transverse coordinates) are not asymptotically
flat in transverse directions. The exception is 5⊥5⊥2⊥2 for which the transverse dimension
is 3 as in the 5⊥2⊥2, 5⊥5⊥2 and 5⊥5⊥5 cases. Like the ‘boosted’ version of 5⊥5⊥5
solution the 5⊥5⊥2⊥2 background is 1/8-supersymmetric and upon compactification to
D = 4 reduces to the dyonic D = 4 black hole [11,12] with four different charges and finite
area of the horizon. This will be discussed in detail in [13]. Note also that the regular
3-charge dyonic D = 5 black hole [14] is described by 2⊥2⊥2 or by ‘boosted’ 2⊥5 solution.
In [4] the ‘electric’ D = 11 solutions of [3] with 1/4 and 1/8 of supersymmetry were
interpreted as special 2⊥2 and 2⊥2⊥2 configurations and the corresponding ‘magnetic’
5⊥5 and 5⊥5⊥5 solutions were found.
Below we shall generalise the solutions of [3,4] to the case when each intersecting
p-brane is described by a separate harmonic function and will also present new solutions
corresponding to case when intersecting M-branes are of different type, i.e. 5⊥2, 5⊥2⊥2
and 5⊥5⊥2. The important 5⊥2 solution reduces in D = 10 to a configuration which can
be interpreted as a fundamental string lying within a solitonic (i.e. NS-NS) 5-brane (such
D = 10 solution was given in [14]).3
The basic observation that clarifies the picture suggested in [4] and leads to various
generalisations (both in D = 11 and D = 10) is that it is possible to assign an independent
harmonic function to each intersecting p-brane (the solutions in [3,4] correspond to the
2 In the case of general solutions involving parallel families of p-branes n stands for a number
of intersecting families.
3 In addition to the intersecting 2⊥5 configuration there should exist a supersymmetric D = 11
solution describing a 2-brane lying within a 5-brane (see [15] and Section 3.2). It should lead upon
dimensional reduction (along 5-brane direction orthogonal to 2-brane) to a 2-brane within 4-brane
configuration of type IIA theory (related by T -duality to a R-R string within 3-brane in type IIB
theory) which is allowed from the point of view of D-brane description [8].
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‘degenerate’ case when all harmonic functions are taken to be equal). For example, a gener-
alisation of 2⊥2 solution of [3,4] now parametrised by two independent harmonic functions
describes, in particular, two orthogonally intersecting families of parallel 2-branes.
Combining the above D = 11 p-brane composition rules with the ‘harmonic function
rule’ explained and illustrated on D = 10 examples in Section 2 below, it is easy to write
down explicitly new solutions representing orthogonally intersecting (parallel families of)
2-branes and 5-branes mentioned above, i.e. 5⊥2, 5⊥2⊥2, 5⊥5⊥2 (Section 3). A special
version of 2⊥5 solution superposed with a Kaluza-Klein monopole represents a particular
D = 11 embedding of the extreme dyonic D = 4 black hole (Section 4).
2. Harmonic function rule and D = 10 intersecting p-brane solutions
The metric and 4-form field strength of the basic extremal supersymmetric p = 2 [2]
and p = 5 [3] p-brane solutions of D = 11 supergravity can be represented in the following
form
ds211 = H
(p+1)/9
p (x)
[
H−1p (x)(−dt2 + dydyp) + dxdx10−p
]
, (2.1)
F4(2) = −3dt ∧ d(H−12 J) , F4(5) = 3 ∗ dH5 , ∂2Hp = 0 , (2.2)
where dydyp ≡ dy21 + ... + dy2p, dxdxn ≡ dx21 + ... + dx2n (ya are internal coordinates of
p-brane and xi are transverse coordinates), J = dy1 ∧ dy2 is the volume form on R2y and
∗ defines the dual form in R5x. Hp is a harmonic function on R10−px which may depend
only on part of x-coordinates (this may be viewed as a result of taking a periodic array of
generic 1-center solutions; for simplicity, we shall still refer to such solution as a p-brane
even though it will be ‘delocalised’ in some x-directions).
The structure of F4 in (2.2) is such that the contribution of the CS interaction term
to the F4 - equation of motion vanishes (i.e. F4 ∧ F4 = 0). This will also be the property
of all intersecting solutions discussed below.
The structure of the metric (2.1) can be described as follows. If one separates the
overall conformal factor which multiplies the transverse x-part then each of the squares of
differentials of the coordinates belonging to a given p-brane is multiplied by the inverse
power of the corresponding harmonic function. We suggest that this as a general rule
(‘harmonic function rule’) which applies to any supersymmetric combination of orthog-
onally intersecting p-branes: if the coordinate y belongs to several constituent p-branes
(p1, ..., pn) then its contribution to the metric written in the conformal frame where the
transverse part dxdx is ‘free’ is multiplied by the product of the inverse powers of har-
monic functions corresponding to each of the p-branes it belongs to, i.e. H−1p1 ...H
−1
pn dy
2.
The harmonic function factors thus play the role of ‘labels’ of constituent p-branes making
the interpretation of the metric straightforward.
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It can be checked explicitly that the specific backgrounds discussed below which can
be constructed using this rule indeed solve the D = 11 supergravity equations of motion.
While we did not attempt to give a general derivation of this rule directly from D = 11
field equations, it should be a consequence of the fact that intersecting configurations are
required to be supersymmetric (i.e. it should follow from first-order equations implied
by the existence of a Killing spinor). Since one should be able to superpose BPS states
they must be parametrised (like their basic constituent p-branes) by harmonic functions.
Taking the centers of each of the harmonic function at different points one can interpolate
between the cases of far separated and coinciding p-branes, confirming the consistency of
the ‘harmonic function rule’.
This rule is also consistent (upon dimensional reduction) with analogous one which op-
erates in D = 10 where it can be justified by conformal σ-model considerations (for specific
NS-NS configurations) [12,14] or by T -duality [16] considerations (for R-R configurations).
2.1. 2⊥2 D = 11 solution
For example, the metric of two D = 11 2-branes intersecting over a point constructed
according to the above rule will be
ds211 = H
1/3
2(1)(x)H
1/3
2(2)(x)
[−H−12(1)(x)H−12(2)(x)dt2 (2.3)
+ H−12(1)(x)dydy
(1)
2 +H
−1
2(2)(x)dydy
(2)
2 + dxdx6
]
.
Here y
(1)
1 , y
(1)
2 and y
(2)
1 , y
(2)
2 are internal coordinates of the two 2-branes. The time part
‘belongs’ to both 2-branes and thus is multiplied by the product of the inverse powers of
both harmonic functions. The corresponding field strength is
F4(2⊥2) = −3dt ∧ d(H−12(1)J1 +H−12(2)J2) . (2.4)
The fact that the two harmonic functions can be centered at different (e.g. far separated)
points together with supersymmetry and exchange symmetry with respect to the two 2-
branes uniquely determines the form of the background, which indeed solves the D = 11
supergravity equations.
Setting H2(2) = 1 one gets back to the special 2-brane solution (2.1),(2.2) where
H2 = H2(1) does not depend on two of the eight x-coordinates (called y
(2) in (2.3)).
Another special case H2(1) = H2(2) corresponds to the ‘4-brane’ solution of [3] interpreted
in [4] as representing two intersecting 2-branes.
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2.2. Examples of intersecting p-brane solutions of D = 10 type II theories
Before proceeding with the discussion of other composite D = 11 solutions let us
demonstrate how the ‘harmonic function rule’ applies to various p-brane solutions of D =
10 type II superstring theories.
The basic D = 10 fundamental string solution [17] which has the following metric (we
shall always use the string-frame form of the D = 10 metric)
ds210 = H
−1
1 (x)(−dt2 + dy2) + dxdx8 . (2.5)
The metric of the solution describing a fundamental string lying within the solitonic 5-
brane [18,19] is given by [14]
ds210 = H
−1
1 (x)(−dt2 + dy21) + dy22 + ....+ dy25 +H5(x)dxdx4 (2.6)
= H5(x)
[
H−11 (x)H
−1
5 (x)(−dt2 + dy21) +H−15 (x)(dy22 + ....+ dy25) + dxdx4
]
.
Other NS-NS background fields have obvious ‘direct sum’ structure, i.e. the dilaton is
given by e2φ = H−11 H5 and the antisymmetric 2-tensor has both ‘electric’ (fundamental
string) and ‘magnetic’ (5-brane) components, Bty1 = H
−1
1 , Hmnk = −ǫmnkl∂lH5. The
factorised harmonic function structure of this background has a natural explanation from
the point of view of the associated conformal σ-model [14]. The solutions (2.5),(2.6) (as
well as all solutions below which have a null hypersurface-orthogonal isometry) admit
a straightforward ‘momentum along string’ generalisation −dt2 + dy21 → −dt2 + dy21 +
K(x)(dt− dy1)2 where K is an independent harmonic function (cf. [20]).
Applying SL(2, Z) duality transformation of type IIB supergravity (which inverts
the dilaton and does not change the Einstein-frame metric, i.e. modifies the string frame
metric only by the conformal factor e−φ) one learns that the metric describing a R-R string
lying within a R-R 5-brane has the same structure as (2.6), i.e. the structure consistent
with the harmonic function rule (with the factor multiplying the square bracket now being
H
1/2
1 H
1/2
5 ). T -duality in the two 5-brane directions orthogonal to the string gives type IIB
solution describing two 3-branes orthogonally intersecting over a string. Its metric has the
form consistent with the ‘harmonic function rule’
ds210 = H
1/2
3(1)H
1/2
3(2)
[
H−13(1)H
−1
3(2)(−dt2 + dy21) (2.7)
+ H−13(1)dydy
(1)
2 +H
−1
3(2)dydy
(2)
2 + dxdx4
]
,
where y1 is the coordinate common to the two 3-branes.
4 The corresponding self-dual
5-tensor is
F5(3⊥3) = dt ∧ (dH−13(1) ∧ dy1 ∧ dy
(1)
2 ∧ dy(1)3 + dH−13(2) ∧ dy1 ∧ dy
(2)
2 ∧ dy(2)3 ) (2.8)
4 Adding a boost along the common string one finds upon reduction to D = 5 an extremal
black hole with 3 charges and x = 0 as a regular horizon [14].
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+ ∗ dH3(1) ∧ dy(2)2 ∧ dy(2)3 ) + ∗dH−13(2) ∧ dy
(1)
2 ∧ dy(1)3 .
More general 1/8 supersymmetric solutions describing the configurations 3⊥3⊥3 and
3⊥3⊥3⊥3 will be discussed in [13].
While charge conservation prohibits the configuration with a fundamental string or-
thogonally intersecting solitonic 5-brane (and, by SL(2, Z) duality, R-R string intersecting
R-R 5-brane), the type IIB configuration of a fundamental string intersecting a R-R 5-
brane (and its dual – R-R string intersecting a solitonic 5-brane) is allowed [5]. The
corresponding solution is straightforward to write down. Its metric is given by (cf. (2.6);
see also the discussion below)
ds210 = H
1/2
5 (x)
[−H−11 (x)H−15 (x)dt2 +H−11 dy21 (2.9)
+ H−15 (x)(dy
2
2 + ....+ dy
2
6) + dxdx3
]
.
Here y1 is the coordinate of the string intersecting 5-brane (y2, ..., y6) over a point.
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In general, metrics of 1/2-supersymmetric p-branes of type II theories which carry
R-R charges have the following form [21]
ds210 = H
1/2
p [H
−1
p (−dt2 + dydyp) + dxdx9−p] , (2.10)
with the dilaton given by e2φ = H
(3−p)/2
p . It is straightforward to apply the ‘harmonic
function rule’ and the supersymmetry and R-R charge conservation rules [5] to construct
explicitly the solutions which describe multiple and intersecting R-R soliton configurations
which are counterparts of the D-brane configurations discussed in [7,8]. The resulting
procedure of constructing ‘composite’ supersymmetric backgrounds from ‘basic’ ones is in
direct correspondence with a picture of ‘free’ parallel or intersecting D-brane hypersurfaces
in flat space [22].
For example, the solution of type IIB theory representing a R-R string orthogonally
intersecting 3-brane (T -dual to a 0-brane within a 4-brane in type IIA theory) is described
by
ds210 = H
1/2
1 H
1/2
3 [−H−11 H−13 dt2 +H−11 dy21 +H−13 (dy22 + dy23 + dy24) + dxdx5] . (2.11)
By SL(2, Z) duality the same (up to a conformal factor) metric represents a fundamental
string intersecting a 3-brane.
5 For a multicenter choice of 5-brane harmonic function H5 this metric describes a fundamental
string intersecting several parallel 5-branes.
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An example of intersecting solution in type IIA theory is provided by a fundamental
string orthogonally intersecting a 4-brane at a point (cf. (2.6),(2.11))
ds210 = H
1/2
4
[−H−11 H−14 dt2 +H−11 dy21 +H−14 (dy22 + dy23 + dy24 + dy25) + dxdx4
]
. (2.12)
The required dilaton and antisymmetric tensors are given by direct sums of constituent
fields. This background will be reproduced in Section 3.2 by dimensional reduction of
orthogonally intersecting 2-brane and 5-brane solution of D = 11 supergravity.
Metrics describing configurations of different parallel type II p-branes lying within
each other (with at least one of them being of R-R type) do not obey the ‘harmonic
function rule’. For example, the metric of the ‘fundamental string – R-R string’ bound
state solution of type IIB theory (obtained by applying SL(2, Z) transformation to the
fundamental string background (2.10), see Schwarz in [1]) has the following structure
ds210 = H˜
1/2
1 [H
−1
1 (−dt2 + dy21) + dxdx8] , (2.13)
where H1 and H˜1 are 1-center harmonic functions with charges q and q˜ = qd
2/(c2 + d2).
The fundamental string limit corresponds to H˜1 = 1 while the pure R-R string is recovered
when H˜1 = H1. Other solutions related by T and SL(2, Z) dualities (e.g. R-R string lying
within 3-brane) have similar structure.
Let us note also that there exist a more general class of p-brane solutions [23,24,25] of
the equations following from the action S =
∫
dDx
√
g[R− 1
2
(∂φ)2− 1
2(D−2−p)!
e−aφF 2D−2−p],
with the metric being
ds2D = H
α
p
[
H−Np (−dt2 + dydyp) + dxdxD−1−p
]
, (2.14)
N =
4
∆
, α =
4(p+ 1)
(D − 2)∆ , ∆ ≡ a
2 + 2(p+ 1)
D − 3− p
D − 2 .
The power N is integer for supersymmetric p-branes with the amount of residual super-
symmetry being at least 1/2N of maximal (for N = 4 and D = 4+p the remaining fraction
of supersymmetry is 1/8). Lower dimensional (D < 10) solutions which have N > 1 can
be re-interpreted as special limits of (reductions of) combinations of 1/2-supersymmetric
‘basic’ (N = 1) p-brane solutions in D = 10, 11. The higher than first power of the H−1p
factor in the square bracket in (2.14) is a result of identifying the harmonic functions
corresponding to basic constituent p-branes [26].
An example of a solution with N = 2 is the self-dual string inD = 6 [23]. It indeed can
be reproduced as a special limit of the solitonic 5-brane plus fundamental string solution
(2.6) with the four ‘extra’ 5-brane directions wrapped around a 4-torus (leading to the
solution equivalent to the dyonic string of [27]) and the harmonic functions H1 and H5 set
equal to each other.
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3. Intersecting 2-branes and 5-branes in D = 11
3.1. 2⊥2⊥2 and 5⊥5⊥5 configurations
To write down the explicit form of intersecting 2- and 5-brane solutions in D = 11 it
is useful first to simplify the notation: we shall use T (F ) to denote the inverse power of
harmonic function corresponding to a two-brane (five-brane), i.e. T ≡ H−12 , F ≡ H−15 .
The lower index on T or F will indicate a number of a p-brane.
The solution which describes three 2-branes intersecting over a point is given by the
straightforward generalisation of (2.3),(2.4)
ds211 = (T1T2T3)
−1/3
[− T1T2T3dt2 (3.1)
+ T1dydy
(1)
2 + T2dydy
(2)
2 + T3dydy
(3)
2 + dxdx4
]
,
F4(2⊥2⊥2) = −3dt ∧ d(T1J1 + T2J2 + T3J3) . (3.2)
The three 2-branes are parametrised by 3 sets of coordinates y
(i)
1 , y
(i)
2 and Ji are the
volume forms on the corresponding 2-planes. Also, ∂2T−1i = 0, i.e. T
−1
i = 1 + qi/|x|2 in
the simplest 1-center case. The special case of T1 = T2 = T3 gives the ‘6-brane’ solution
of [3] correctly interpreted in [4] as representing three 2-branes orthogonally intersecting
at one point. Other obvious special choices, e.g. T3 = 1, lead to a particular case of 2⊥2
solution (2.3),(2.4) with the harmonic functions do not depending on two of the transverse
coordinates.
This solution is regular at x = 0 and upon dimensional reduction to D = 5 along yn-
directions it becomes the 3-charge D = 5 Reissner-Nordstro¨m type black hole (discussed
in the special case of equal charges in [28]) which is U-dual to NS-NS dyonic black hole
constructed in [14].
Similar generalisation of the 5⊥5⊥5 solution in [4] corresponding to the three 5-branes
intersecting pairwise over 3-branes which in turn intersect over a string can be found by
applying the ‘harmonic function rule’
ds211 = (F1F2F3)
−2/3
[
F1F2F3(−dt2 + dy20) (3.3)
+ F2F3dydy
(1)
2 + F1F3dydy
(2)
2 + F1F2dydy
(3)
2 + dxdx3
]
,
F4(5⊥5⊥5) = 3(∗dF−11 ∧ J1 + ∗dF−12 ∧ J2 + ∗dF−13 ∧ J3) . (3.4)
The coordinate y0 is common to all three 5-branes, y
(1)
1 , y
(1)
2 are common to the second and
third 5-branes, etc. Fi depend on three x-coordinates. The duality ∗ is always defined with
respect to the transverse x-subspace (R3x in (3.3),(3.4)). The special case of F1 = F2 = F3
gives the solution found in [4]. If F2 = F3 = 1 the above background reduces to the single
5-brane solution (2.1),(2.2) with the harmonic function H5 = F
−1
1 being independent of
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the two of transverse coordinates (here denoted as y
(1)
1 , y
(1)
2 ). The case of F3 = 1 describes
two 5-branes orthogonally intersecting over a 3-brane
ds211 = (F1F2)
−2/3
[
F1F2(−dt2 + dydy3) + F1dydy(1)2 + F2dydy(2)2 + dxdx3
]
, (3.5)
F4(5⊥5) = 3(∗dF−11 ∧ J1 + ∗dF−12 ∧ J2) , (3.6)
which again reduces to the corresponding solution of [4] when F1 = F2.
The 5⊥5⊥5 configuration (3.3) has also the following generalisation obtained by
adding a ‘boost’ along the common string
ds211 = (F1F2F3)
−2/3
[
F1F2F3(dudv +Kdu
2) (3.7)
+ F2F3dydy
(1)
2 + F1F3dydy
(2)
2 + F1F2dydy
(3)
2 + dxdx3
]
.
Here u, v = y0 ∓ t and K is a generic harmonic function of the three coordinates xs. A
non-trivial K = Q/|x| describes a momentum flow along the string (y0) direction. Upon
compactification to D = 4 along isometric yn-directions this background reduces [13] to
extremal dyonic black hole with regular horizon which has the same metric as the solution
of [11]. Thus the ‘boosted’ 5⊥5⊥5 solution gives an embedding of the 1/8 supersymmetric
dyonic black hole in D = 11 which is different from the one discussed in Section 4 below
(see [13] for details).
3.2. 2-brane intersecting 5-brane
Let us now consider other possible supersymmetric intersecting configurations not
discussed in [4]. The most important one is a 2-brane orthogonally intersecting a 5-
brane over a string (a possibility of such a configuration was pointed out in [5,6]). The
corresponding background is easily constructed using the harmonic function rule
ds211 = F
−2/3T−1/3
[
FT (−dt2 + dy21) + F (dy22 + ...+ dy25) + Tdy26 + dxdx4
]
, (3.8)
F4(5⊥2) = −3dt ∧ dT ∧ dy1 ∧ dy6 + 3 ∗ dF−1 ∧ dy6 , (3.9)
where y1, ..., y5 belong to 5-brane and y1, y6 to 2-brane. This solution can be generalised
further
ds211 = F
−2/3T−1/3
[
FT (dudv +Kdu2) + F (dy22 + ...+ dy
2
5) + Tdy
2
6 + dxdx4
]
, (3.10)
where as in (3.7) u, v = y1∓t andK, like T−1 and F−1, is a generic harmonic function of xn.
In the simplest 1-center case having a non-trivial K corresponds to adding a momentum
flow along the string (y1) direction.
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Dimensional reduction of this solution to D = 10 along x11 ≡ y6 (the direction of
2-brane orthogonal to 5-brane) leads to the NS-NS type II background corresponding to a
fundamental string lying within a solitonic 5-brane. Using the relation between the D = 11
and (string frame) D = 10 metrics
ds211 = e
4φ/3
(
dx211 + e
−2φds210
)
, (3.11)
we indeed find the expected D = 10 background with the dilaton e2φ = F−1T , the metric
given by (2.6) (with H1 = T
−1, H5 = F
−1) and the antisymmetric 2-tensor field strength
determined by the 3-tensor field strength (3.9).
Dimensional reduction along the string y1 direction leads instead to the D = 10
solution corresponding to a fundamental string (along y2) orthogonally intersecting a 4-
brane (cf. (2.11)). Here the dilaton is e2φ = H−11 H
−1/2
4 , H1 = T
−1, H4 = F
−1 and thus
the resulting D = 10 metric has indeed the form (2.12) obtained by applying the harmonic
function rule to combine the fundamental string (2.5) and R-R 4-brane (2.10) of type IIA
theory. Another possibility is to compactify along one of the transverse directions, e.g., x4
(assuming that harmonic functions are independent of it or forming a periodic array) in
which case we find the type IIA solution describing a R-R 2-brane orthogonally intersecting
solitonic 5-brane.
Compactification of all 6 isometric y-coordinates on a 6-torus leads to the extremal
D = 5 black hole solution parametrised by 3 independent charges [14]. Thus the ‘boosted’
2⊥5 solution and 2⊥2⊥2 solution discussed above represent two different D = 11 ‘lifts’ of
the regular extremal 3-charge D = 5 black hole.
These black holes have a finite entropy6 which is not surprising since (3.10) has a finite
entropy directly as a D = 11 black brane background (assuming that internal directions
of 2- and 5-branes are compactified). Setting T−1 = 1 + Q˜/r2, F−1 = 1 + P/r2, K =
Q/r2 (r2 = xmxm), one finds that r = 0 is a regular horizon (all radii are regular at
r → 0) with the area A9 = 2π2L6
√
QQ˜P (L is an equal period of y-coordinates). The
corresponding thermodynamic entropy can then be understood as a statistical entropy
(related to existence of degenerate 5⊥2 BPS configurations with the same values of the
charges) by counting relevant BPS states directly in D = 11 as suggested in [30].
The 2⊥5 metric (3.8) may be compared to the metric obtained by lifting to D = 11
the D = 8 dyonic membrane solutions [15]
ds211 = T
−1/3T˜−1/3
[
T (−dt2 + dy21 + dy22) + T˜ (dy23 + dy24 + dy25) + dxdx5
]
, (3.12)
where T−1 = 1 + q/|x|3, and T˜−1 = 1 + q˜/|x|3, q˜ = q cos2 ξ (ξ is a free parameter). Since
(3.12) reduces to the 2-brane metric if T˜ = 1 and to the 5-brane metric if T˜ = T (and
thus is similar to the metric (2.13) of a bound state of a NS-NS and R-R strings in type
IIB theory) this background can presumably be interpreted as corresponding to a 2-brane
lying within a 5-brane [15,4].
6 This makes possible to reproduce their entropy by counting the corresponding BPS states
using D-brane description of the corresponding dual backgrounds with R-R charges [28,29] or
using direct conformal field theory considerations [14].
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3.3. 2⊥2⊥5 and 5⊥5⊥2 configurations
Two other 1/8 supersymmetric configurations of three orthogonally intersecting M-
branes are 2⊥2⊥5 and 5⊥5⊥2. The first one represents two 2-branes each intersecting
5-brane over a string with the two strings intersecting over a point (so that 2-branes
intersect only over a point). The second one corresponds to a 2-brane intersecting each
of the two 5-branes over a string with the 5-branes intersecting over a 3-brane (with the
strings orthogonally intersecting 3-brane over a point).
In the first case we find
ds211 = (T1T2)
−1/3F−2/3
[− T1T2Fdt2 (3.13)
+ T1Fdy
2
1 + T1dy
2
2 + T2Fdy
2
3 + T2dy
2
4 + F (dy
2
5 + dy
2
6 + dy
2
7) + dxdx3
]
,
F4(2⊥2⊥5) = −3dt ∧ d(T1dy1 ∧ dy2 + T2dy3 ∧ dy4) + 3 ∗ dF−1 ∧ dy2 ∧ dy4 , (3.14)
where y1, y3, y5, y6, y7 are 5-brane coordinates and y1, y2 and y3, y4 are coordinates of 2-
branes.7 In the second case
ds211 = T
−1/3(F1F2)
−2/3
[− F1F2Tdt2 (3.15)
+ F1Tdy
2
1 + F2Tdy
2
2 + F1F2(dy
2
3 + dy
2
4 + dy
2
5) + F1dy
2
6 + F2dy
2
7 + dxdx3
]
,
F4(5⊥5⊥2) = −3dt ∧ d(Tdy1 ∧ dy2) + 3(∗dF−11 ∧ dy2 ∧ dy7 + ∗dF−12 ∧ dy1 ∧ dy6) . (3.16)
Here y1, y2 belong to the 2-brane and y1, y3, y4, y5, y6 and y2, y3, y4, y5, y7 are coordinates
of the two 5-branes intersecting over y3, y4, y5.
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The backgrounds (3.13),(3.14) and (3.15),(3.16) have ‘dual’ structure. In the special
case when T2 = 1 in (3.13),(3.14) and F2 = 1 in (3.15),(3.16) they become equivalent
to the 2⊥5 solution (3.8),(3.9) with the harmonic functions independent of one of the
4 transverse coordinates (y4 in (3.13) and y7 in (3.15)). Various possible dimensional
reductions to D = 10 lead to expected p-brane intersection configurations of type IIA
theory. For example, the reduction of 2⊥2⊥5 (3.13) along the orthogonal direction y2
of the first 2-brane leads to the configuration of a solitonic 5-brane with a fundamental
string lying within it orthogonally intersected by 2-brane. Dimensional reduction along
the direction y1 common to the first 2-brane and 5-brane leads to the 4-brane orthogonally
intersected by fundamental string and 2-brane, while the reduction along other 5-brane
directions (y5, y6, y7) gives 2⊥2⊥4 type IIA configuration, etc.
7 Note that this configuration is unique since (according to the rule that p-branes can intersect
only over (p − 2)-branes) the 2-branes cannot intersect over a string. For example, if one would
try to modify (3.13) by combining dy21 with dt
2 then y1 would belong also to the second 2-brane.
8 Another possibility could be to consider 2-brane intersecting each of the two 5-branes over
the same string, i.e. ds211 = T
−1/3(F1F2)
−2/3
[
F1F2T (−dt
2 + dy21) + Tdy
2
2 + F1F2(dy
2
3 + dy
2
4) +
F1(dy
2
5 + dy
2
6) + F2(dy
2
7 + dy
2
8) + dxdx2
]
. In this case, however, the transverse space is only
2-dimensional and thus the harmonic functions do not decay at infinity.
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4. D = 11 solution corresponding to D = 4 extremal dyonic black hole
The extreme dyonic D = 4 black hole string solutions with non-zero entropy [31,11]
are described by the following NS-NS type II D = 10 background (compactified on 6-torus)
[12]
ds210 = H
−1
1 (x)[dudv +K(x)du
2] + dydy4 (4.1)
+ H5(x)V
−1(x)[dy2 + as(x)dx
s]2 +H5(x)V (x)dxdx3 ,
e2φ = H−11 H5, B = H
−1
1 dt ∧ dy1 − bsdxs ∧ dy2, db = − ∗ dH5, da = − ∗ dV, (4.2)
where u, v = y1 ∓ t and H1, H5, K, V are harmonic functions of xs (s = 1, 2, 3). This
background can be interpreted as representing a fundamental string (with an extra mo-
mentum along it, cf. (2.6)) lying within a solitonic 5-brane with all harmonic functions
being independent of one of the four transverse directions (y2) along which a Kaluza-Klein
monopole [32] is introduced. Since the corresponding σ-model is invariant under T -duality,
one cannot get rid of the off-diagonal KK monopole term in the metric by dualizing in y2
direction. However, interpreting this background as a solution of type IIB theory one can
apply the SL(2, Z) duality to transform it first into a configuration of a R-R string lying
on a R-R 5-brane ‘distorted’ by the Kaluza-Klein monopole. The metric one finds is then
given by (4.1) rescaled by e−φ, i.e.
ds210IIB = (H1H5)
1/2
[
H−11 H
−1
5 (dudv +Kdu
2) +H−15 dydy4 (4.3)
+ V −1(dy2 + asdx
s)2 + V dxdx3
]
.
Since Bµν in (4.2) is transformed into a R-R field one can now use T -duality along y2 to
exchange the off-diagonal term in the metric for an extra NS-NS Bµν field. The resulting
type IIA background has the metric
ds210IIA = (H1H5)
1/2V
[
H−11 H
−1
5 V
−1(dudv +Kdu2) +H−15 V
−1dydy4 (4.4)
+ H−15 H
−1
1 dy˜
2
2 + dxdx3
]
,
and the dilaton e2φ
′
= H
1/2
1 H
−3/2
5 V . As in other examples discussed above we can in-
terpret this metric as describing a solitonic 5-brane (with the corresponding harmonic
function now being V ) which is lying within a R-R 6-brane (with the harmonic function
H5 and an extra dimension y˜2), both being orthogonally intersected (over a string along
y1) by a R-R 2-brane (with coordinates y1, y˜2 and harmonic function H1). Equivalent
interpretation of this D = 4 dyonic black hole background was suggested in [33] where it
was used to argue that statistical entropy found by D-brane counting of degenerate BPS
states reproduces the finite thermodynamic entropy of the black hole.
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Anticipating a possibility to compute the entropy by counting BPS states directly
in D = 11 theory [30] it is of interest to lift the above type IIA D = 10 background to
D = 11. Both forms of the D = 10 type IIA solution (4.1) and (4.4) lead to equivalent
non-diagonal D = 11 metric.9 From (4.1),(4.2) we find
ds211 = H
1/3
1 H
2/3
5 V
[
H−11 H
−1
5 V
−1(dudv +Kdu2) +H−15 V
−1dydy4 (4.5)
+ H−11 V
−1dx211 + V
−2(dy2 + asdx
s)2 + dxdx3
]
.
The corresponding 3-tensor field strength F4 is
F4 = 3dB ∧ dx11 = −3dt ∧ dH−11 ∧ dy1 ∧ dx11 + 3 ∗ dH5 ∧ dy2 ∧ dx11 . (4.6)
Starting with (4.4) one obtains equivalent metric with V ↔ H5, x11 → y˜2, y2 → x11. The
metric (4.5) can be interpreted as describing intersecting 2-brane and 5-brane (cf. (3.8) for
V = 1, F = H−15 , T = H
−1
1 , x11 = y6, y2 = x4) superposed with a KK monopole along
y2 (for H1 = H5 = 1, K = 1 the metric becomes that of KK monopole times a 6-torus or
type IIA 6-brane lifted to D = 11, see second reference in [1]).
The special cases of the background (4.1) when one or more harmonic functions are
trivial are related to a = 1/
√
3,
√
3, 1 extremal D = 4 black holes. The ‘irreducible’ case
when all 4 harmonic functions are non-trivial and equal (H1 = H5 = K = V ) corresponds
(for the 1-center choice of V ) to the a = 0, D = 4 (Reissner-Nordstro¨m) black hole. The
associated D = 11 metric (4.5) takes the form
ds211 = V
−1(x)dudv + du2 + dydy4 + dx
2
11 + (dy2 + asdx
s)2 + V 2(x)dxdx3 . (4.7)
We conclude (confirming the expectation in [4]) that there exists an embedding of a = 0
RN black hole into D = 11 theory which has a non-trivial KK monopole type metric. This
seems to represent an obstacle on the way of applying the D = 11 approach [30] in order to
give a statistical derivation of the D = 4 black hole entropy: one is to understand the effect
of the presence of the KK monopole on counting of BPS states of systems of M-branes.10
The embedding of extreme 1/8 supersymmetric dyonic black holes into D = 11 theory
discussed above is not, however, the only possible one. There exist two different 1/8
supersymmetric D = 11 solutions, namely, 5⊥5⊥5 with a ‘boost’ along the common string
(Section 3.1) and 2⊥2⊥5⊥5, for which the D = 11 metric does not have KK monopole
part but still reduces to an equivalent D = 4 dyonic black hole metric with regular horizon
and finite entropy [13]. These M-brane configurations are likely to be a proper starting
point for a statistical understanding of D = 4 black hole entropy directly from M-theory
point of view.
9 Though the D = 10 metric (4.4) is diagonal, the R-R vector field supporting the 6-brane
gives a non-vanishing G11µ component of the D = 11 metric.
10 For a discussion suggesting possible irrelevance of KK monopole for counting of BPS states
in the D-brane approach see [34].
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5. Concluding remarks
As was discussed above, there are simple rules of constructing supersymmetric com-
posite M-brane solutions from the basic building blocks – D = 11 2-brane and 5-brane.
This may be considered as an indication that there may exist a D = 11 analogue of D-
brane description of R-R solitons in type II D = 10 string theories which applies directly
to supersymmetric BPS configurations of D = 11 supergravity (in agreement with related
suggestions in [5,6,35,36,30,37]).
We have also presented some explicit solutions corresponding to intersecting p-brane
configurations of D = 10 type II theories. The resulting gravitational backgrounds comple-
ment the picture implied by D-brane approach. An advantage of viewing type IIA D = 10
configurations from D = 11 perspective is that this makes possible to treat various com-
binations of NS-NS and R-R p-branes on an equal footing, and in this sense goes beyond
the D-brane description.
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